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Improved actions of the staggered fermion 

Yubing Luo** 

^Coliunbia University, Department of Physics, New York, NY 10027 

' We have studied 0{a^) improved lattice QCD with the staggered fermion by using Symanzik's program. We 

^\ , find that there are 5 dimension-6 fermion bilinears and gauge operators. In addition, there are 10 four-fermion 
^\ • operators which are absent at the tree-level and tadpole-improved tree-level. 
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1. INTRODUCTION 

To remove O(a^) errors by using Symanzik's 
program, we must find all possible dimension-6 
terms which are scalars under the lattice sym- 
metry transformations. Then, we add them to 
the original action and adjust their coefficients so 
that low-momentum physical quantities do not 
have O(a^) errors. 

When he proposed this program, Symanzik ap- 
plied it to scalar fields and proved the consis- 
tency of the improvement program to all orders 
of perturbation theory ^ . Liischer and Weisz ap- 
plied this program to pure gauge theory and de- 
veloped the concept of on-shell improved action 
which demands only the improvement of all phys- 
ical (on-shell) quantities ||^. Sheikholeslami and 
Wohlert applied this program to Wilson fermions 
and proposed a "Clover" term to remove all 0{a) 
errors from Wilson fermions . Naik applied this 
program to Dirac-Kahler fermions and proposed 
a three-link term [Q. Although the staggered 
fermion and the Dirac-Kahler fermion formalisms 
are the same in the free case, they are quite differ- 
ent when the gauge interaction is included. Dirac- 
Kahler fermions have two drawbacks: First, the 
U{l)o (S> C/(l)e symmetry does not prevent the 
gauge interaction from producing non-zero mass 
counterterms, therefore the bare mass parameters 
have to be tuned in the continuum limit, similar 
to Wilson fermions; Second, there is no massless 
Goldstone boson Therefore, in most apphca- 
tions, the standard staggered fermion formalism 
is used. Thus, it is important to investigate the 
improved action for the staggered fermion case. 

Sharpe's pioneering work showed that there is 



no 0{a) term for the staggered fermion |6|. Thus 
the leading order terms in the improved action 
for staggered fermions is O(a^). In this talk, I 
will present all independent dimension-6 terms, 
and show which terms remain after a spectrum- 
conserving transformation of the fields. A de- 
tailed discussion of these results can be found in 
ref. §. 

2. IMPROVED ACTION 

The improved action consists of two parts, the 
gauge action and fermion action: 

S = Sg + Sf. (1) 

The improved gauge action contains 3 indepen- 
dent dimension-6 operators and can be written 
as: 



5*0 = -o 
5o 



Co£o + Cl£l + 02^2 + C3A 



(2) 



where Cq denotes the loops consists of 4 links, and 
£1, £2, and £3 are 3 sets of loops consisting of 
6 links. The 4 coefficients satisfy a normalization 
condition: 

Co + 8ci + 8c2 + I6C3 = 1. (3) 

The improved fermion action can be written as: 
7 

Sf=x(P + m)x + a'Y. ^''^^ 



i=l 



18 
i=l 



(4) 



It contains 7 fermion bilinears Oi in addition to 
the usual Dirac action and 18 four-fermion oper- 
ators Tj. 
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Therefore, there are 25 possible dimension-6 
operators which can be added to the original lat- 
tice action. 

2.1. Fermion bilinears 

The 7 fermion bilinears are the linear combina- 
tions of the pattern: V'^, V'^p,pV'^, VpV.p^, 
mp^ and m'D^. They can be written as: 





(5) 


02=x\{T^^V>-V>'D^)x, 


(6) 


03 = xl{'D^P+pT^^-2p'')x, 


(7) 


Oi = x {V^P+pV^ - 2VpV) X, 


(8) 


o, = xP\- 


(9) 


Oe = mxP''x, 


(10) 


O7 ^rnxV^X- 


(11) 



Ci is the Naik's term. O4 is equivalent to the 
MILC's "fat link" term §. Og and 07 violate the 
{/a(1) symmetry and therefore depend explicitly 
on the mass parameter. 

2.2. Four- fermion operators 

The 18 four-fermion operators can be divided 
into 4 groups. The first group contains one oper- 
ator: 

Ti=Y, X{x)t''x{x) X{x + e)ex{x+e), (12) 



where are the 8 generators of SU{?>) color group 
and the sum over e is a sum over the 8 possible 
lattice displacements of length "1". The second 
group contains one operator: 

^2 = ^ X{x)f'x{.x) J2 X{x + v)t''x{x + v), (13) 

a:, a v 

where the sum over v is over the 32 possible lattice 
displacements of length "-v/S " . The third group 
contains 8 operators: 

^^ = EEc."(-)^E^w^5(c) 

x,a c 

Pl:\c)Cl{x + c) (14) 
i = 3,---,10. 



where the sum over c is a sum over the 81 dis- 
placements with coordinates Cfj, — —1,0,1. The 
weight is: 

4 

w{c)^\{{2-\c,\). (15) 

The fermion bilinear C°(x) is given by: 

C^(a;) = X(^)r ^ X(a; + t'), (16) 

where the sum is over the 8 possible lattice dis- 
placements of length "V3 " which are perpendic- 
ular to /t direction. The last group also contains 
8 operators: 



Pl:\c)Bl{x + cl 
i = 11,---,18, 



(17) 



with the fermion bilinear 
1 



X{x)t''x{x+fi)+xix)t''x{x~fi) .(18) 



2.3. Tree-level values 

At the tree-level, we got: 
5 1 
3' 



Co = 777 



Cl = -777 



b' 



9l 



13 



12' 

9j 
24' 



hi ^ — , 
6' 



b' 



9l 
16' 



(19) 
(20) 



All other coefficients vanish at the tree-level. 

For staggered fermions, the high-momentum 
gluon exchange gives rise to flavor changing four- 
fermion term^. However, these terms belong to 
a restricted class of operators which can be ex- 
pressed as a product of two fermion bilinears, 
with each such bilinear composed of fields xf^x) 
and x(a;') with a distance between x and x' of pre- 
cisely ONE link. As we will point out in the next 
section, all the coefficients of the 8 such terms in 
Eq. ( p7| ) can be changed by a transformation of 
the field variables and a choice of fields can be 
found for which these coefficients are zero. Thus, 
the 8 terms in Eq. ([l7|), including the three tree- 
level terms quoted above, actually do not appear 
in the on-shell improved action. 

^We thank G. P. Lepage for pointing out the existence of 
such tree-level contributions. 
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2.4. On-shell improved action 

Given one improved action, we can obtain 
another one by a transformation of the fields. 
However, all these actions are equivalent because 
all such actions will give the same value for a spe- 
cific on-shell quantity. Thus, we can choose to 
minimize the number of operators occurring in 
the on-shell improved action by an appropriate 
definition of the field variables. 

By redefining both gauge and fermion field vari- 
ables, we find the following operators are redun- 
dant: ©2, C'sj C'sj Oq, T\\ ■ ■ -Ti^. So, we can al- 
ways find a spectrum conserving transformation 
of gauge and fermion fields such that the following 
coefficients can be set to be zero: 



62 = 63 = = &6 = 0, 
fe'ii = • • • = &'i8 = 0. 



(21) 



Can we transform away more four-fermion oper- 
ators? The answer is "no" . Because in the stag- 
gered fermion action, x ^-nd x ^^e separated by 
only one link. After the field transformation, the 
X and X in the fermion bilinears in the resulting 
four-fermion operators are separated by only one 
link also. Hence, only the four-fermion operators 
in Eq. (|l7| ) can be redundant. 

Under the field transformation, operators £3 
can give a contribution to 04, so we can either set 
C3 = or 64 = 0. Thus we have two equivalent 
improved actions: 



biOi + 64O4 + hOj + ^ h[T, 



six operators. Ten of these are four-fermion op- 
erators, which are absent at the tree-level, and 
hence of the order of ©(gga^) at most. The other 
5 are fermion bilinears and gauge operators and 
only two of them are nonzero at tree-level. The 
numerical results from the MILC and Bielefeld 
groups presented during this conference are con- 
sistent with our analysis. 



I thank Prof. Norman H. Christ for the ex- 
tensive discussions during every stage of this 
work. This research was supported by the US 
Department of Energy under grant DE-FG02-92 
ER40699. 
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or 



S 



II 



co£o + ciCi + + 23^3 
10 



(23) 



In either case, the total number of dimcnsion-6 
operators is 15. 



3. CONCLUSIONS 



The on-shell improved action for lattice QCD 
with staggered fermions contains 15 dimension 



